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INTRODUCTION

A common problem faced by practicing engineers is the determination of
wave runup on coastal structures and beaches having nonuniform and often
complex slope characteristics. For shore-line applications the calculation and
prediction of wave runup along the open coast is of practical interest to those
engaged in the management and design aspects of the coastal zone. The
determination of the limits of wave uprush provides valuable“nput to the
evaluation of a wide range of coastal works projects including the design and
placement of shore protection structures and beach fill, the assessment of storm
damages, and the implementation of major resource management programs such
as the Florida Coastal Construction Set-Back Line (8,16). In view of the
importance of these types of analyses, it is somewhat surprising that relatively
little work has been done that directly addresses the problem of wave runup
on variable-sloped beach profiles. This paper presents one possible method for
the prediction of wave runup on beaches. It is hoped that this method, though

not yet verified, will stimulate interest in the coastal engineering community.

Saviie's Composie Store MeTHOD

i The runup of breaking waves on uniform slopes has been examined by numerous
investigators including Saville (10), Savage (9), Van Dorn (15), and Granthem
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(4. A comprehensive review of existing theoretical and experimental Work,
has been provided by Le Méhauté, et al. (7), who conclude that experimemal
results provide the best available treatment of runup for breaking waves,

For composite or variable-slope geometries, however, very little work hag
been done. As an alternative to the costly and time-consuming pProcedure of
scale-model testing, Saville (11) showed that expenimental results for Unifo
slopes could be used to reasonably predict runup on composite-slope Structureg
Since its first appearance in the literature, Savilie’s composite-slope Methog
has gained wide acceptance and is included in the US Army Shore ProtectjolJ

The use of Saville’s method of composite slopes to calculate wave Tuny
on beaches has both advantages and disadvantages. Principal advantages include.
(1) The ability to represent irregular features such as offshore bars; and #))

overcome by the selection of alternative profile functions. The general approach
described herein would still apply.

RerresentaTiON of Beach PromLe GeomeTry

The selection of a particular functional form to represent the profile geometry
is somewhat arbitrary, provided that satisfactory agreement is achieved between
the functiona] approximation and the actua] profile. Everts (3) used NOS 1200
series chart data along 441 profile lines from New York to Texas to show
that the *‘shore face’ or nearshore region of the continental shelf approximates
8 concave upward exponential curve. Dean (2), using theoretical arguments,
examined three plausible mechanisms that could govern the form of beach profiles
in the surf zone: (1) Uniform average longshore shear stress; (2) uniform average
wave energy dissipation rate Per unit plan area; and (3) uniform average wave
energy dissipation rate per unit water volume. He showed that all three of
these mechanisms produce an equilibrium profile geometry of the form

bl LY LTSN O]
in which 4 = tpe water depth; 5 = the horizontal distance from shore; 4 =

& scale factor; and m = a& shape factor. Eq. 1 is in general agreement Wi';h
the work of Bruun (1) who developed a similar expression from the analysis

171
WWZ
" > Fig. 1. In this figure the coordinate axes have their origin located
in Fig. 1. In ' A . .

¥ Sh‘:i‘rxﬁeu;res% with x positive in the seaward direction and y positive QOv;nwatr;id
A al distance from the dune crest to mean sea level (MSL) is deno 3
he VCI'XC shown, R = the wave runup distance above t_he su.llwater level;
by }'o.h Swave bx’-eaking depth;. and m = the surge e!evauon with respect tlo
iy tInedescribing the profile geometry, parameter a is analogous to the scale
e and v = the shape factor as described by Dean (2). L e
joit % lation of the wave-runup problem involves a tota o‘ vari bles,

ahe f"orr;;uad L, T, cotb, R, v, y,, a, and v. The. solution techmc}“ule
e H‘:i’uce;‘thg ’nm’nber of unknowns to five by specifying: (1) Tl;e 713.“) i :;
use?n:ff)’ (¥o.4a,v); (2) deepwater wave height H;; (3) wave period T; an
sco 0:4,V),
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FIG. 1.—Definition Sketch

ini ained
(4) surge elevation 7. Relationships for the remaining unknowns are obt

asl“f:cilxgwlii;ear wave theory the effect of shoaling on wave height is given by

-1/2

4nd
! 3)
i = 1+ J tanh——} .. ... .....
H; it 4nd
sin %

in which H! represents the deepwater wave-height .equivalent of the s::gi(;\;
Water wave 0height if shoaling effects, only, are considered. The corresp

€xpression for wave length L is

5 B @it eeEEEt g eannrsainns 4)
L= L tanh— . . . . . . .. ...
27 L

‘ i iod; = the water depth. .
m w = the wave period; and d = t ' .
mhelc:xein slope of the profile section lying between the wave break poin

and the limit of wave uprush is given by

—— 1 S.vo—n-*db 3 (5)
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From Eq. 2 0 = vl
] t6=—=avwy""" .. ...
rom Eq co > avy - ()
Substituting Eq. 6 into Eq. 5 and carrying out the integration yields
coto = [(y'o_‘n_+ ) —(Yo=m—=R\] ... ™

d,+ R

which represents the mean bottom slope between the wave break point apg
the limit of wave uprush.

To obtain a relationship for the wave runup as a function of the profile
geometry and wave characteristics, the experimental results of Saville, as
presented in Fig. 7-11 of Ref. 9, are reduced to equation form. For breaking
waves these results are reasonably well behaved and can be expressed as

H

A Comparison of Eq. 8 with Saville’s results yields values of K = 0.42, n,
= —0.45, and n, = —1.02. Assuming n, = —0.5 and n, = 1, Eq. 8 can then
be written as

R gTZ
— =042 tan@
H, H)

o °

which agrees well with the results of Hunt (6). Support for the use of empirical
relationships such as Eq. 9 is provided by Le Méhauté, et al., who found
good agreement between predicted values using Hunt's relationship and experi-
mental data summarized in Ref. 13. To verify this a series of calculations was
performed using Eq. 9, and the results were compared with corresponding values
obtained from Fig. 7-11 of Ref. (12). For H,/(gT*) = 0.0016 agreement within
+10% was obtained for mean slope values ranging from 0.038 to 0.29. For
lower steepness waves, 0.003 < H//(gT*) < 0.0016, agreement within =10%
was obtained for 0.083 < tan 6 =< 0.25.

Egs. 3, 4, 7, and 9 are sufficient for the determination of wave runup values
provided that the relationship between wave height and water depth at breaking
is known. This relationship can be expressed as

Hb = de (10)

in which « represents the ratio of breaking wave height to water depth at breaking.
An exact relationship between H, and d, is not presently well defined in the
literature. However, it is known that k varies with changes in bottom slop¢
and incident wave steepness. In general, increasing wave steepness with constant
bottom slope causes « to decrease whereas increasing bottom slope with fixed
wave steepness causes k to increase. For most beach applications « is cxpcctcd
to fall within the range 0.7 < « =< 1.4. In the work presented herein, it i
assumed that k = 1, which yields the simple relationship of

H.gd’

an

The use of k values greater than one will produce wave runup values that

...........................

R _ . ( H, )"' -
= = (COLOY™2 ; cwwms s s smmmme v + 5 o 5 6 4 smmors 5 ®).
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’ in this paper. Similarly,
i i those presented later in
p e thil)“c]luce congistcntly lower values of runup. The amount

jues less than one will pr
L which the calculated runup va
urge elevation and profi

ries for these cases is dependent upon the
le geometry used.

. i H, can now be
oy 11 the shallow-water wave height, H, .
pThroug(til ;?:n:l Séq0f3Etc>l)'/ evaluating this expression at the wave breakpoint

iminate .
and substituting d, for H,, or
-1/2
4vd,
B (.. | R EE (12)
‘ tanh——| .-

é= Holl1+ 4nd,

sinh —

L

y relationships for the determination

i sar .
o L o further simplified by the introduction
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ol S pressionsare

of wave runup values. These. ex i
he following nondimensxona} parameter
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' = L ooy (20)
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9-22 is suitable for solution by computer

D’=H'[(1+

The procedure used to solve Egs. 1
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and provi i -
o :pr;/txg:sg :O;er:es of curves that describes the wave-runup behavior :
et vy oo % rydas a function of deepwater wave height and surge o.'.leva?’n .
¢ developed for varying values of wave period. In carr;?: ‘
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FIG. 2.—W, ; i
ave Runup on: (a) Variable Slope Profile; (b) Profile of Uniform Slope
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ExampLe CaLcutaTions

Th . L 3 . .
begin? ::ll:;;o?oie;!}m};e :::d 1's similar to that proposed by Saville (11). To
Rt e LS e L§ are specified. Eqs. 21 and 22 are then solved
e Ret 35 Loy B, & using a standard Newton Raphson technique
. Kn » &', and the profile geometry parameters a, y,, and

{he successive values calculated for cot® and R’ conv
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»,Eq. 19issolved for cot® usinganarbitrary initial estimate of the nondimensional
nup, R’. The value obtained for cot is then used in Eq_. 20 to yield an
;mproved value for R’, and the solution of Eqs. 19 and 20 is repeated until
erge to the final solution.

To illustrate some typical resuits obtained using this method, six sets of
calculations were carried out. The first set of calculations was performed for
an arbitrary profile having a steep beach and dune face with mild offshore

- 6.25, and T’ = 50 were used.

slopes. Parameter values of ayyt =5, v : _ _
Because the profile geometry selected for this particular example is arbitrary,

unique values of a, y,, and T do not exist. For actual profile geometries, as
will be shown later, this is not the case. Fig. 2(a) shows the calculated values
of R’ as a function of the nondimensional wave height, H’, and surge, S'.
values of (R’ + S’) = 1 correspond to overtopping conditions and are not
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§00 L e
(a) o = LS
RS EmResaanrT
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FIG. 3.—Volusia County Profiles with Linear Segmented and Parabolic Approxima-

tions: (a) R-18; (b) R-121 (1 ft = 0.305 m)

shown. The curves do show, however, the effects of profile geometry and
surve elevation on wave runup. For fixed values of H’, increases in the surge
elevation produce higher values of runup. By increasing S’, waves of specified
height are allowed to break closer to shore thereby exposing a steeper mean
slope between the break point and the limit of wave uprush. The steeper mean
slope produces, in turn, a higher value of runup-

The effects of mean slope and wave height on runup are best seen from
Eq. 20. For fixed T’ this expression may be written as

<learly by the curves shown in
increase, reach a maximum,
hin the region of increasing

R'aH'"? tan®

This functional dependence is demonstrated
Fig. 2(a). For fixed S, the calculated runup is se€n t0
and then decrease with increasing H'. Obviousiy. wit
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R’ with in i ! i
R heigh:razs:‘:negv eI;I t,hthe runup is governed predominantly by changes j
i e pﬁm,a - ley p;;k:ll:g ang subsequent decrease in R’ with increasinul
' e reduction i
po’lrt;: mlc:ves farther and farther offshor:tlon M S0P LR v Beetk
e sha, i i .
L Mof: 2; ;l:l: f;::arl\l/es is st.ro.ngly 1.nflucnced by the particular profile geomet
y, vanations in the shape factor, v, affect the relati\l;y
e
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FIG. 4.—
Wave Runup on Profile R-18: (8) T =9 sec; (b) T = 13 sec

importance of wave hei

A b o o sﬁexght and mean slope on the calculated runup. Smaller
beag Ve b oyt ol llzx:ress the influence of slope on runup with respect t0
) ge values of v produce the opposite effect. Increases

In surge clevati
calculated mnu;n'rt:::e :lsodto emphasize the influence of mean slope on the
rends can be observed by comparing Figs. 2p4 and 5

wWwW2

performed for v
as those described for the pr
As expected, variations in surge €
the uniform slope case. Moreover, i
higher values of runup. This behavior is in a
Eq. 23 with tan 8 = constant.

data obtained by the Florida Departmen
selected are located along t
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To illustrate the wave runup on uniform slopes, a series of calculations was
= 1. Values used for all other parameters remain the same
evious example. Results are shown in Fig. 2(b).
levation have no effect on wave runup for
ncreases in wave height consistently produce
greement with that predicted by

rformed using beach and offshore profile
t of Natural Resources. The two profiles
he coast of Volusia County, Fla. These are designated
hown in Figs. 3(a) and 3(b). Each figure presents

The remaining calculations were pe

R-18 and R-121 and are s

o2

yo = 21.311. (6 Sm)
v=244
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FIG. 5.—Wave Runup on Profile R-121: (a) T = 9 sec; (b) T = 13 sec

three representations of the profile geometry, i.e., a plot of the actual profile
data, a linear segmented representation for use in Saville’s composite slope
method, and a least-squares fit parabolic curve of the form given by Eq. 2.
Values of y, for each profile were obtained directly from the profile plots as
the elevation of the primary dune crest above MSL. Values for a and v were
obtained from the least-squares curve fit of Eq. 2 to the actual profile geometry.

Runup calculations were carried out for each profile using wave periods of
9 sec and 13 sec. Figs. 4(a) and 4(b) show the calculated results for profile
R-18, while Figs. 5(a) and 5(b) show the corresponding results for profile R-121.
Parameter values used in each series of calculations are shown in the appropriate
figures. The loci of maximum wave runup are shown by the dotted curves.

A comparison of the curves shown in Figs. 4(a), 4(b). 5(a), and 5(b) with
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those shown in Fig. 2(a) clearly shows the influence of profile geometry op par features with negative slope segments SXIEIng ?TOO lft-30l0aft ff;:r:slgx?tlej
the calculated wave runup. The smaller val f i ard from the bar crest. In their investigation, Fay or, < &L i
P values of v used for the Volusia Coumy m) shofew segments. Moreover, to provide conservative

ese features by zero slope ;
:l;timates of runup they assumed that a wave whose height equalled the depth

of water on the shore face of the bar would break at the extreme shoreward
limit of the zero slope segment. This assumption effectively steepens the prof}le
geometry and results in a higher predicted value of wave runup. The parabolic-

profiles produce a flatter response of the runup to changes in wave height
Moreover, the range of deepwater wave heights that produce the maximuni
valge of runup is increased considerably. This change in behavior is particularly
noucgable for profile R-121 [Figs. 5(a) and 5(b)]. For the range of H' values
examined and S’ =< 0, the runup on this profile behaves in a manner ve
sxmxlar. to that presented for the uniform slope case [Fig. 2(b)]. This same
effect is seen to a lesser degree in Figs. 5 and 6 for profile R-18. 04 !

The f:ffect of increasing wave period on runup can be examined by the ' o—0 SAVILLE sc ci=(>inW:)PFcl)LS|ETE SLOPE METHOD
companson of Fig. 4(a) with Fig. 4(b) and Fig. 5(a) with Fig. 5(b). Increasing - PR
Tfrog 9 sec to 13 sec for the cases examined causes a nearly uniform upward
shift in the curves with almost no change in shape. o3

Companison ofF Resuits

Profiles R-18 and R-121 shown in Figs. 3(a) and 3(b) were used by Taylor,
et al. (lf) to calculate wave runup using Saville’s method of composite slopes.
In carrying out their analysis the wave period was fixed at 7 = 13 sec, and
va!ues of runup were calculated for varying surge elevations and breaking wave
heights. The linear segmented approximations of the actual profile geometries
used by these investigators are also shown in Figs. 3(a) and 3(b).

For the purpose of comparison, the conditions examined by Taylor, et al.
were reca!f:ulated using the least-squares fit parabolic profiles previously de-
scribed forR-18and R-121. Figs. 6(a) and 6(b ) show the results of this comparison.
The dotted curves describe the runup behavior using a parabolic representation
of the profile geometry whereas the results obtained by Taylor, et al. are shown

* by the solid curves. R
;f ) 'Agreemen't between the two methods is generally poor. In fact, significant
differences in the calculated behavior of the wave runup are apparent. These

" e
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h At}
are as follows: (1) The parabolic profile method produces a much flatter response —— —$2333
in t}?e wave runup for varying H’; (2) for fixed values of S’ runup values 0. = %s:f‘ﬁ%o
obtained using Saville’s method are generally higher than those obtained using >
the para!)ohc profile method for the same conditions of surge elevation and L
wave height; a}ld (3) for increasing S’ the maximum wave runup predicted .0 .5:6 .610
j by thg parabolic profile method increases with decreasing H'. The opposite
3 ;rend is exhibitec by values determined from Saville’s method [Fig. 6(b)] . except
; or some cases in which the trend suddenly reverses itself [e.g., Fig. 6(a)] . . ; f Results with Composite Slope
3 Differences | and 2 just mentioned can be attributed to the methods l()y Lvhich i 3?;&;:;’:,‘,’:.’ '(s:;np:,fm:.;:) :I Irb;:’:;:ialoh;?; ::d

the actual profile geometry is approximated. The flatter response of the wave-
runup behavior determined by the parabolic profile method is a result of the
continuous smooth variations in profile slope and_breaking water depth. Thus,
the paral?ohc profile produces small changes in tan®, D’, and R’ for small
changes in H’. The corresponding changes obtained from Saville’s method,
however, have a tendency to be greater due to the limited number of linear
segments used.

Thc? tendency for Saville’s method to predict higher values of R’ can be
explained by the different techniques used to represent the profile geometry
and the resulting location of the wave breakpoint. Both profiles contain offshore

profile method, however, passes a smoothly varying slope thr9ugh the bar (fie?tuf:
that typically intersects the zero slope scgmem.seawan"d of its shorc\;ar tx’rm ;
This causes the corresponding wave break point to lie further offs ored rom
that used by Taylor, et al, thereby reducing the mean slope and producing

corresponding lower values of runup. . .
The apparent differences in behavior of calculated runup .maxxma as a function
of H' and S’ are not easily explained based upon the limited number of cases

examined. From earlier analyses, it would appear that the maximum wave runup
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for i

smp:hceagsaer:bghzhproﬁle method i's influenced primarily by changes in me
v uys ’Iohrev;"ard translaflon in the wave break point due to increasi::Il
il by.zhe em a&::: th.at th1§ does not occur for Saville’s method coulg
b foatoes o i o er in which Taylor, et al. approximated the offshore
ol = o b ims“oped segments. T}ﬁs causes the break point of the wave
orvers segmemm;' Tunup to remain fixed at the shoreward terminus of
S siins o w8 oad or varying surge e.levations. Thus, the behavior of the
s et tw :inﬂucnf:ed pnmz'mly by increasing H’ with increasing
b ;ell: continues onul such time when, due to increasin
el pedllsead o :b:e:kb:; (t;;att;:e :s reduced and smaller waves of sufﬁcien%

ht a steeper porti i
a shift in the maximum runup point with }:es:ect lt?;!(’).f e geeris. TRl

Summary aAND ConCLUSIONS

A meth
on variibl:ill:)asebce?‘ﬂpresemed for the analysis of runup due to breaking waves
The descriptio :O Ftrl? es using a parabolic representation of the profile geometry
5P & ekl § le'Pfoﬁl_e geometry by a smooth function and the dcterminatiox;
solution on a conj Afioniship for wave mnup makes the problem suitable for
runu 1ti puter. This provides an efficient means for determining th
Thp :;S“ ting from many varying conditions g B
e e !
et ;i;:il;llgug: &fe tlil:d?:?dfd:l by a parabolic form has also provided a better
profile slope on runup. ual effects of wave height, surge elevation, and
Ac i ;
o St ol s el ciuid 1yt el Syt RS
of Volusia Count ;:I;et (-)d ‘.Vhen applied to two beach profiles along the coast
b i SRR inyv‘vhic?)” ;ndlcatcd that the computed runup is quite sensitive
B vetivs mlusd b the profile geometry is described. The differences in
of e Wy eah ed by these two methods could all be explained in terms
e L e et directly affected runup
avraiads alieciig GOip particular profile representation exerted on other
Whileit PP
it would be beneficial to identify which, if either, method more accurately

predicted runup, it is not i :
. , ossi ; ; g
ey possible at this time since neither method has been
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The following symbols are used in this paper:

Dean’s scale factor;

= scale factor;

water depth;

water depth at wave breaking;
d,/ye= nondimensionalized water
gravitational constant;

wave height;

wave height at breaking;
Hy/yo = nondimensionalize
deep water wave height;
proportionality factor;
wave length;

= d,/L= nondimensionali
Dean’s shape factor;

depth at wave breaking;

i

d deep water wave height;

(]

[l

zed water depth at wave breaking;
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n, = arbitrary exponent;

n, = arbitrary exponent;

R = wave runup distance above stillwater level;
R’ = R/ye= nondimensionalized wave runup;

S = wm/yo= nondimensionalized surge elevation;
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MAY 1980 ww,
horizontal distance seaward from shore line;
wave period;
®T*/Quy,) = nondimensionalized wave period;
horizontal distance seaward from dune crest;
horizontal distance from dune crest to breaker line;
horizontal distance from dune crest to stillwater shore line;
vertical distance downward from dune crest;
vertical distance from dune crest to existing stillwater level;
vertical distance from dune crest to MSL;
surge elevation with respect to MSL;
angle between profile bottom and horizontal datum;

ratio of breaking wave height to breaking depth;
shape factor; and
3.1415926.
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